It is well known that typical Hamiltonian systems have divided phase space consisting of regions with regular dynamics on KAM tori and region(s) with chaotic dynamics called chaotic sea(s). This complex structure makes rigorous analysis of such systems virtually impossible and significantly complicates numerical exploration of their dynamical properties. In this paper we outline a new approach for the analysis of Hamiltonian systems with divided phase space. These systems are approximated by a sequence of Hamiltonian systems having an increasing (but finite) number of KAM islands. The islands in the approximating systems are sub-islands of the islands in the initial system with an infinite number of KAM-islands. We apply this approach to two-dimensional billiards and demonstrate that it works. In particular the statistical characteristics of the approximating systems tend to the ones for the whole system when the number of islands in the approximating systems grows. Therefore our approach opens up a new way for numerical and analytical studies of the dynamics of Hamiltonian systems with divided phase space.
I. INTRODUCTION
Our understanding of the dynamics of Hamiltonian systems with divided phase space is very limited thanks to the lacking of examples where a boundary between KAM regions and chaotic seas can be exactly determined. The only known exceptions are mushroom billiards and some piecewise linear discontinuous systems [2, 3] . Therefore it is virtually impossible to understand how coexistence of various KAM islands influence the dynamics in chaotic region(s). In this paper we develop an approach which allows to approximate billiards with coexistence of KAM tori and chaotic sea(s) by billiards with a finite number of KAM islands. Each island in any approximating system is a sub-island of the one in the initial system with infinitely many islands. We demonstrate that by considering approximating systems with increasing number of islands, the dynamics more and more resembles the one of the initial system which contains infinitely many islands.
It is well known that a typical Hamiltonian system exhibits a mixed behavior, i.e. in some parts of its phase space the dynamics is regular while on the complementary part it is chaotic [1] . This picture which everybody believes, even in the mathematical community, is however not rigorously proven to hold. The major obstacles are that totally different methods were developed to analyse regular, integrable dynamics and chaotic dynamics and that it is virtually impossible to find a boundary between regions with chaotic and with regular dynamics. In fact, such boundary exists only in two-dimensional systems where a one dimensional torus separates the twodimensional phase space into the interior and the exterior of the torus. In higher dimensions, a KAM torus does not separate the phase space. Even the construction of special concrete examples where the boundaries of KAM islands were exactly found and the dynamics rigorously analysed, was not very successful with the exception of a very narrow class of high-dimensional mushroom billiards [4, 5] .
To be more precise, mushroom billiards [2] as well as some piecewise linear symplectic maps [3] , are the only examples which allowed to better understand some features of the dynamics in Hamiltonian systems with divided phase space. Classical [6, 7] and quantum [10] [11] [12] [13] [14] mushroom billiards were extensively studied both theoretically and experimentally. However, these systems have a serious restriction which does not allow them to be considered as true representatives of Hamiltonian systems with divided phase space. Indeed, each KAM island sits in a specially constructed region in the phase space (a cap containing this island). Moreover, in typical Hamiltonian systems large islands correspond to lower order resonances and they are surrounded by chains of islands corresponding to higher order resonances. In mushroom billiards there are no such natural chains of islands.
In this paper we present a totally new approach for the construction of Hamiltonian systems with a finite number of KAM islands. This approach allows to approximate a given Hamiltonian system with divided phase space and with an infinite number of families of KAM tori (KAM islands in 2D) by a sequence of Hamiltonian systems with increasing (finite) number of KAM tori families (islands). In our construction it is obvious that each island in each approximating system corresponds to an island in the initial Hamiltonian system (which has infinitely many islands). By making accurate numerics we demonstrate that in any approximating system there is only a finite number of islands. The main idea of our procedure is exactly based on the fact that in typical Hamiltonian systems each family of KAM tori is surrounded by other KAM families corresponding to higher resonances.
We demonstrate the efficiency of our approach on the example of billiards. Besides being the most paradigmatic and popular models of generic Hamiltonian dynamical systems, billiards allow to operate only in configura- tion space in order to obtain the appropriate sequence of approximating billiards with finite number of islands.
II. LEMON BILLIARDS
Our starting system is a lemon billiard (Fig.1 ) whose classical and quantum dynamics has been extensively studied [15] [16] [17] [18] [19] [20] . A lemon billiard table, results by intersecting two identical circles with radius R and with the distance 2B between their centers being less than the diameter of the circles. The boundary of a lemon billiard is described by the following implicit equations:
In Fig.1 we show the configuration space and the surface of section (SOS) of our lemon billiard with B = 0.05 and R = 1. This is the only lemon billiard configuration which will be used in the present paper. The points on the Poincaré Surface of section (SOS) are plotted each time the billiard particle crosses the line x = 0. The SOS phase portrait of the lemon billiard has regular islands with fractal structure of the resonant islands around the main islands. This billiard is an example of a typical Hamiltonian system which contains an infinite number of KAM islands. The islands correspond to periodic orbits m : n of the (full lemon) billiard: m counts the number of revolutions of the orbit around the center before closing on itself, n counts the total number of bounces with the boundary.
Due to symmetry only one half of the billiard, x ≥ 0, will be considered in the following.
III. CUT-OFF BILLIARDS
The sequence of cut-off, approximating billiards, is generated in the following way: the boundary of the lemon billiard with B = 0.05 and R = 1 is cut with several lines such that a chosen set of stable periodic orbits of the lemon billiard remain and all other stable periodic orbits of the lemon billiard are eliminated. Circular arcs of length m:n , symmetrically placed around the points where the periodic orbit m : n touches the boundary of the lemon billiard, are connected with straight lines. Five such billiards have been constructed and their SOSs calculated: they are labeled as cut-off billiard No.1, No.2 -No.5, where the cut-off billiard No.k includes the first k most relevant stable periodic orbits. If more (than one) periodic orbits touch the arc of the billiard at the same point, then m:n with the lower n is taken into account. In our calculations of the SOS we have considered with particular attention the boundaries between the regular islands and the chaotic sea, and the possibility of secondary (and higher) resonant islands have been carefully investigated. Fig. 2 shows the configuration space and the SOS at x = 0 of the cut-off billiard No. 1 with 1:2 = 0.78 which is the largest allowed value 1:2 = π/4 around the periodic orbit 1:2 with accuraccy to 2 decimal places, while at 1:2 > π/4 the periodic orbit 1:4 starts to appear. In Fig. 2 c) we present an enlarged view of the boundary between the regular island and chaotic sea. One can see that in the cut-off billiard No. 1 no secondary resonant island appears around the main island. Fig. 3 shows the configuration space and the SOS of the phase space at x = 0 of the cut-off billiard No. 2 with 1:2 = 0.78 around the periodic orbit 1:2 and 1:3 = 0.020 around the periodic orbit 1:3. The reason for the choice of the 1:2 = 0.78 is the same as in cut-off billiard No 1. The 1:3 = 0.020 is the largest allowed 1:3 with accuracy to 3 decimal places where the periodic orbit 1:6 does not appear yet. In Fig. 3 c) an enlargement of the boundary between a regular island from the periodic orbit 1:3 and the chaotic sea is shown additionally. One clearly sees that no secondary resonances appear. From the periodic orbit 1:3 there are 4 mirror regular islands sitting at the centers y 0 = ±0.6024 and (p y ) 0 = ±0.536 all together. In the same way the boundary between the central regular island from the periodic orbit 1:2 and the chaotic sea has been checked. Due to the mirror position of other 3 regular islands from the periodic orbit 1:3 one can conclude that no secondary resonant islands 2. The largest possible 1:4 = 0.25 was chosen so that curved arcs from 1:3 and 1:4 do not overlap, whereas the choice of 1:2 = 0.2 is such that stickiness would qualitatively not appear. The stickiness is not a desired property here, because in the case of stickiness it is more difficult to detect secondary resonances around the main islands. Therefore a lower value than the maximally allowed one for the parameter 1:2 has been taken (the maximally allowed 1:2 determined by the condition that the higher order islands do not appear, is 1:2 = 0.379). We will discuss more about stickiness in section IV. It should be stressed, however, that stickiness does not compromise the main idea of the present paper. In Fig. 4 c) an enlargement of the boundary between (one of the 4) regular island(s) from the periodic orbit 1:3 and the chaotic sea is shown additionally. One clearly sees again that around the enlarged island 1:3 no secondary resonant islands appear. In the same way the boundary between the central regular island from periodic orbit 1:2 and the chaotic sea has been checked as well the boundary between regular islands from the periodic orbit 1:4 (2 mirror islands centerd at y 0 = ±π/4 and (p y ) 0 = 0) and chaotic sea. From all our data we can conclude that no secondary resonant islands appear around the main periodic orbits' islands in cut-off billiard No. 3. 14 is elimination of higher order islands' set associated to a higher order periodic orbit. The 3:8 = 0.041 is the largest possible value so that periodic orbit 1:8 and another set of islands associated to another higher order periodic orbit do not appear in the system. In Fig. 5 c) enlargement of the boundary between (one of the 4) regular island(s) from the periodic orbit 1:3 and chaotic sea is shown additionally and en- largement of both kind of islands from the periodic orbit 3:8 (6 island all together): 2 mirror islands with the centers at y 0 = ±0.4208, (p y ) 0 = 0 and 4 mirror islands with the centers at y 0 = ±0.591, (p y ) 0 = ±0.761. One clearly sees that around all the enlarged islands no secondary resonant islands appear. In the same way the boundary between the central regular island from the periodic orbit 1:2 and chaotic sea as well as the boundary between regular islands from the periodic orbit 1:4 and chaotic sea have been checked. From all our data we can conclude that no secondary resonant islands appear around the main periodic orbits' islands in the cut-off billiard No. 4. same as in cut-off billiard No. 4. The reason for the choice of 1:5 = 0.010 is that it is the largest possible 1:5 with accuracy to 3 decimal places so that periodic orbit 2:5 does not appear yet. In Fig. 6 c) an enlargement of the boundary between small regular islands and chaotic sea is shown additionally like in in Fig. 5 c) . The new islands from periodic orbit 1:5 have the centers at y 0 = ±0.879, (p y ) 0 = ±0.383. One can clearly see that in the cut-off billiard No. 5, around all the enlarged islands, no secondary resonant islands appear. In the same way the boundary between the central regular island from the periodic orbit 1:2 and chaotic sea as well as the boundary between regular islands from the periodic orbit 1:4 and chaotic sea have been checked. Again, from our data we can conclude that no secondary resonant islands appear around the periodic orbits' islands in cut-off billiard No.
5.
From the investigation of the boundary with regular islands in the cut-off billiards No. 1, No. 2, No. 3, No. 4 and No. 5 we can conclude that no secondary (and higher) resonant islands and resonant chains appear. We predict that also for billiards No. 6, No. 7, . . ., which were not investigated here, the same conclusions will follow.
IV. STICKINESS
Stickiness is a property of typical dynamical systems where chaotic orbits are hindered by cantori to escape from the region close to a regular island [22] . It implies a temporary concentration of chaotic orbits in regions smaller than the entire asymptotically accessible chaotic region. The stickiness in mushroom billiards was studied in [6] [7] [8] [9] .
As mentioned above, if some curved boundary sections corresponding to appropriate periodic orbits in our cutoff billiards are too large, then stickiness appears (see We quantitatively describe the stickiness by calculating the time t escape an orbit in chaotic sea (close to the boundary of the regular island) needs to escape from a given region. The results are shown in Fig. 8 for four different cases. On the abscissa we plot, for varying y, the distance ∆y = y −y a from the most left starting point y a , which is slightly smaller than the regular island border y * . On the ordinate we plot the escape time of the orbit with the initial condition (y, p y = 0) on SOS and escaping from the region {(y, p y ); |y| < y max |p y | > (p y ) max }. The region of y-coordinates of the initial conditions between y = y a and y = y b = y a +0.07 has been divided into 10 5 equidistant starting points. Each orbit runs maximally for 10 6 iterations, i.e. returns to the SOS.
In Fig. 8 a) escape times t escape around the periodic orbit 1:2 for the sticky case with 5 periodic orbits from Fig. 7 are shown. In Fig. 8 c) the "non-sticky" case from No. 5 cut-off billiard from section III (Fig. 6) around the same periodic orbit 1:2 is shown. One can see that in the neighbourhood of a regular island the "non-sticky" cutoff billiard has more than an order of magnitude lower escape times in comparison to "sticky" one, which indeed proves the stickiness. In Fig. 8 b) escape times for lemon billiard around periodic orbit 1:2 are presented. In the plot existences of few small higher order regular islands as well as stickiness are detected via orders of magnitude increases of escape times. In Fig. 8 d) the same billiard as in Fig. 8 a) is presented, but now the region around island 1:4 has been investigated -no stickiness was found in this last case.
Summarizing, our study indicates that for cuts with sufficiently long straight lines around the boundarycollision points corresponding to a set of pre-selected (say shortest) stable periodic orbits, one obtains a non-sticky chaotic component with only the desired finitely many KAM island chains. By decreasing the sizes of cuts we eventually obtain stickiness either due to cantori or birth of higher-order island chains. Due to this restriction, the regular parts of phase space of the sequence of approximating cutt-off billiars are, strictly speaking, only a fraction of the regular phase space of the original KAM billiard. Nevertheless, such a billliard sequence approximates the original dynamics arbitrarily well (to arbitrary long times).
V. CONCLUSION
In this paper we demonstrated numerically that it is possible to approximate two-dimensional billiards with divided phase space by a sequence of billiards with divided phase space and a finite number of KAM islands. Each billiard in this sequence has one more KAM island (or more precisely, island chain corresponding to a specfic stable periodic orbit) than the previous billiard. Moreover each KAM island for any billiard in this sequence is a sub-island of some KAM island in the initial billiard which has, as a typical Hamiltonian system with divided phase space, an infinite number of KAM islands. Importantly, we have shown that dynamics of approximating billiards approach the one of the initial billiard. Therefore this approach seems to be promising for analyzing general dynamical properties of Hamiltonian systems with divided phase space. Although the consideration of billiards is easier because one can efficiently make cuts in configuration space (billiard table), we are quite confident that this approach will prove to be efficient for approximating generic Hamiltonian systems with divided phase space (and thus with infinite number of families of KAM-tori) by a sequences of Hamiltonian systems with finite and increasing numbers of such KAM-tori families.
